2 molecular simulations of simple liquids towards the end of this period, providing the means to unambiguously test the theories, and giving crucial guidance to their improvement.
The development of soundly based theories that could be usefully applied to polar and associating liquids had to await these developments, so that the history of theories for such liquids is rather short, dating from about 1951. These theories include integral equation theories (approximate closures that enabled solutions of the Ornstein-Zernike equation or its site-site form, including Percus-Yevick, hypernetted-chain, mean spherical approximation, reference interaction site model, and their extensions), perturbation theories of various kinds and the fluctuation theory of mixtures. In what follows, the development of these theories will be outlined, and their merits and limitations discussed. The discussion of integral equation theories will be brief, since, while useful for predicting liquid structure, so far they have proved less accurate for thermodynamic properties. As concluded by Gray and Gubbins [1] in a survey of perturbation and integral equation theories for fluids of non-spherical molecules in 1984:
The elementary perturbation theory…has a definite advantage in its simplicity and accuracy for thermodynamic properties.
In this essay I will focus on theories that are firmly based in statistical mechanics, i.e. are based on a well-defined Hamiltonian and proceed by well-defined approximations. Such theories possess two distinct advantages over more empirical approaches. First, they can be tested against molecular simulation results, in which the intermolecular force laws and other modeling approximations are the same as those in the theory, thus eliminating major uncertainties inherent in direct comparison with experimental data, where assumptions concerning the force laws are required in addition to approximations in the theory. In the period up to the late 1960's, before the advent of molecular simulations, comparison with experimental data was the only method available, and the fitting of various parameters obscured defects in the theory. The great majority of these theories were found to fail once simulations for simple liquids became available. The second reason for restricting consideration to theories based on a well-defined molecular model is that they can usually be improved by refining the approximations made.
Background
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The history of the theory for liquids of simple spherical molecules has been extensively reviewed [e.g. 2-8], and we give here only a few highlights needed to understand the later development of theories of polar and associating liquids. Of particular importance for these later advances was the development of accurate theories for fluids of hard spheres and of LennardJones molecules, the latter being the prototype for spherical molecules with attractive dispersion forces. These advances were made in the period 1953 to 1971.
The publication of J. Willard Gibbs' treatise on statistical mechanics in 1902 [9] , with its clear treatment of the canonical, microcanonical and grand ensembles, opened the way to a more modern treatment of fluids, as was recognized by Hendrik Lorentz working at Leiden University, among others. Lorentz's student, Leonard Salomon Ornstein, in his dissertation [10] 
developed
Gibbs's formal results into a more useful form, and applied them to the study of density fluctuations, later collaborating with Frits Zernike at Groningen University on this topic [11] . [ ] , is needed to obtain a solution for h and hence g. The latter is an approximation, and for fluids of simple, spherical molecules two such closures were proposed in the late 1950's, the hypernetted chain (HNC) [13] and Percus-Yevick (PY) [14] approximations:
h -c = ln y (HNC)
where y(r) = g(r)exp [u(r) / kT ] is the indirect correlation function (note that for a dilute gas g(r) = c(r) = exp[-u(r) / kT ] so that y=1; thus (y-1) gives a measure of the indirect correlation for a dense fluid).
Although a fluid of hard spheres does not occur in nature, it's properties are simpler than those of real fluids in which attractive forces are present, and it plays an important role as a reference system in theories of polar and associating liquids. For a hard sphere system the compressibility factor, pV/NkT, and the direct and total correlation functions depend only on the density, and not on the temperature. Moreover, there is no gas-liquid transition, the only transition for the pure hard sphere system being the fluid-solid one.
Much effort was spent on understanding the behavior of such a fluid in the late 1950's and 1960's, and theory and molecular simulation provided complementary routes to such developments.
For a fluid of hard spheres of diameter σ the PY theory has a simple analytic solution for the direct correlation function, and hence for the radial distribution function from eqn.
(2), as was shown independently by Wertheim [15] and by Thiele [16] 
pV NkT The first molecular simulation studies of fluids were developed in the late 1940s
and early 50's in U.S. government laboratories, and grew out of the Manhattan Project and the need for statistical sampling methods to study the diffusion and scattering of neutrons.
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While several researchers were involved in developing the Monte Carlo method [17, 18, 19] , the first clear account of the method was given in 1953 by Nicholas Metropolis and colleagues, working at Los Alamos National Laboratory, who used it to study a fluid of hard discs in two dimensions [20] , and soon after for a three-dimensional hard sphere fluid [21] .
Subsequently, Berni Alder and Tom Wainwright, working at the Lawrence Radiation
Laboratory at Livermore (later renamed Lawrence Livermore National Laboratory)
developed the molecular dynamics method, in which the classical equations of motion were solved for a system of N molecules in the microcanonical ensemble. The method and its application to study the fluid-solid phase transition for hard spheres, was first presented at a meeting in Brussels in 1956 [22] and published in a Letter to the Editor one year later in
Journal of Chemical Physics [23] . A more detailed account was given two years later [24] . In the course of this work it was shown that a fluid to solid phase transition occurs in the hard sphere system at a reduced density of η ~ 0.46; such a transition had been predicted earlier by Kirkwood. A good account of the early history of molecular simulation and of this early work on simple fluids has been given by Wood [25] .
These early molecular simulation studies and subsequent ones for larger systems meant that ample 'experimental' equation of state data for the hard sphere system was available by 1963 for testing the HNC theory and the PY results of eqns. (3) and (4) . When the compressibility factor, pV/NkT, is plotted vs. packing fraction, η, eqns. (3) and (4) give different curves, the compressibility-route curve lying above and the pressure-route curve below the simulation results for the fluid branch, with the compressibility-route giving the more accurate result. The difference between the results from the two routes indicate inconsistency resulting from the PY approximation. The HNC theory also showed such inconsistency, but gave significantly poorer agreement with the MD results than did the PY theory. Despite these inconsistencies, the results of this test of the PY theory showed that it was superior to previous treatments of the hard sphere fluid. If one takes one third of the pressure route PY result and two thirds of the compressibility route result one obtains a result that is indistinguishable from the molecular simulation results, within the error bars of the simulation data. This is the Carnahan-Starling equation [26] , [ 28] , provided that the differences in molecular diameter are not very large.
For liquids composed of molecules with attractive dispersion forces, in addition to repulsive forces, the integral equation approaches have given results for thermodynamic properties that are in only fair agreement with molecular simulation and experiment [29] , with the PY theory giving, in general, better results than the HNC theory [30] . [3, 4, 7, 8] , giving good results even for well depth ratios as high as 2, and molecular volume ratios as high as 25 [33] . Leland later spent a sabbatical leave with John
Rowlinson at Imperial College London, and during this period it was realized [34] that the mixing rules of eqn. (6) were essentially the same as those proposed by van der Waals in his 1890 paper [35] [40] , who took the reference potential to be the repulsive part of the LJ potential down to the minimum of the potential well, resulting in rapid convergence for densities near the triple point value, so that the first order term alone is sufficient for quantitative accuracy.
The success of the BH and WCA theories for dense liquids of simple, spherical molecules, occurs because at these high densities the liquid structure is largely determined by the repulsive forces. Thus the radial distribution function, g(r), as determined by molecular simulation for the LJ fluid and for a fluid whose molecules interact with only the repulsive part of the LJ potential are almost the same for densities near the triple point [41] . If the pair potential is written as u l (r) = u 0 (r) + lu p (r), so that λ=0 corresponds to the reference potential and λ=1 to the full (LJ) potential, it is easy to show that the difference in the Helmholtz energy A for the LJ fluid and the reference fluid is given by
If the difference between the radial distribution functions for the full and for the repulsive LJ fluid are negligible, g l can be replaced by g 0 in eqn. (7), so that the right side of this equation is the first order term. This condition is fulfilled at densities near the triple point for the LJ and similar potentials, but not at lower densities, for example near the critical point, where the first order theory is less accurate [41].
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The Principle of Corresponding States was first proposed by van der Waals in 1881
[42] as a result of his equation of state,
where P r = P / P c , T r = T / T c and V r = V /V c are the reduced pressure, temperature and volume, made dimensionless with the critical constants, and f is a universal function. It is straightforward to show that eqn. (8) follows for any two-parameter equation of state, thus freeing the principle from the assumption of van der Waals equation. Equation (8) predicts that when plotted in these dimensionless units the pressure-temperature diagram for a pure substance is a universal diagram. This relationship is followed with great accuracy for the heavier inert gas liquids, Ar, Kr and Xe, and to a good approximation by other liquids of small, nonpolar molecules such as N2 and CH4. Equation (8) makes it possible to predict the vapor pressure curve, including the critical and normal boiling points, of liquids for which no measurements exist, based on experimental data for other liquids. The principle found almost immediate use in this way by Zygmund Wreblewski [43] , who compared (p,v,T) isotherms of hydrogen, oxygen and nitrogen and thus predicted that the critical point of hydrogen must be below 40 K (much later measurements found the critical temperature to be 33.2 K), ten years before it was liquefied by Sir James Dewar, working at the Royal Institution in London [44] . Dewar was greatly impressed by the practical usefulness of the corresponding states principle in guiding experiments on cryogenic gases, going so far in his address to the British Association [45] to call it "the most powerful physical principle in the field to be discovered since Carnot's theorem" [46] . Barker showed that the second order term could be related to thermodynamic properties of a pure fluid of molecules with the reference fluid parameters, εx and σx, but did not carry out any calculations. In a 1953 paper [54] Barker extended this treatment to the case of polar fluids in which the molecules possessed polarizability in addition to the permanent dipole, and showed through numerical calculations that the polarizability had a significant effect on the thermodynamic properties. Pople resorted to lattice theory to overcome this difficulty, but the resulting agreement with experiment was poor. In a seminal paper published in 1954 Pople [57] presented a more general version of the theory, in which he assumed that the molecules were axially symmetric and that the intermolecular pair potential could be expressed as a series of spherical harmonic terms, and 
where 
Thus, to first non-vanishing order eqns. (13) and (15) 
It then follows that the polar fluid will obey the simple corresponding states relationship of eqn. (9),
where fLJ is the spherical Lennard-Jones equation of state, and the effective potential parameters are used in the definition of reduced pressure, temperature and volume, i.e. ( ) , that is similar to the angular pair correlation function for the real system, g (12) . As shown in Figure 5 , this is far from being the case when electrostatic forces are present, the most probable T orientation having a first peak that is more then 5
times that of the reference system. Moreover, it is clear that this will be the case for any reference system of spherical molecules. Although the series of eqn. (11) converges poorly for strong electrostatic forces, for multipolar potentials the A2 and A3 terms are of opposite sign, and so it is possible to approximately re-sum the series using a 0/1 Padé approximant,
Expansion of the second term on the right of this expression recovers the series of eqn.
(11) up to A3, and so gives the weak perturbation limit, [71, 72, [74] [75] [76] [77] , and as seen in Figure 6 . Eqn. (22) was first published in the Master's thesis of H. Narang in 1972 [78] , but was little noticed until it appeared in later publications by Rushbrooke et al. [79] and in particular the 1974 paper of Stell, Rasaiah and Narang [80] . Comparisons of these data with the Padé of eqn. (22) followed in the period from the late 1970's until late 1980's, using intermolecular potential functions that included the lower multipole and induction terms. Generally good agreement was found provided that the molecules were not too non-spherical in shape. In the case of liquid mixtures, when the Lorentz-Berthelot combining rules were used for the LJ parameters, agreement with experiment was much improved over the use of spherically symmetric potentials [81, 82] .
However, quantitative agreement usually required the fitting of one unlike pair parameter, e AB . These tests against experiment have been reviewed elsewhere [8, 83] .
By the late 1970's the important influence of the permanent electric moments on the thermodynamics and structure of liquids was well established, but it was not until the end of that decade that the importance of induction forces (the polarization of molecules due to the electric field of nearby molecules with permanent moments) was fully realized.
Early perturbation theory studies of polarizable systems, for example those of McDonald [73] and Larsen et al. [84] , failed to describe the effect of anisotropy of the polarizability, or to take into account many-body induction forces (four or more molecules), which are very difficult to include in conventional perturbation treatments since they require knowledge of 4-body and higher correlation functions for the reference system. Subsequent molecular simulation [85] and theoretical [86, 87] studies showed that these higher order many-body induction interactions make important contributions to both the thermodynamic and structural properties of polar liquids.
The difficulties in accounting for induction effects using conventional perturbation theory were overcome by Michael Wertheim [86] , who applied resummation (or renormalization) methods to the expansion to achieve a tractable and accurate theory that The RPT is found to give good agreement with Monte Carlo simulation results that account for both many-body induction interactions and anisotropy of the polarizability [85, 88] . The theory has been extended to liquid mixtures of polar-polarizable molecules by Venkat Venkatasubramanian and coworkers [89] , who reported calculations showing the large effect of induction forces on both excess thermodynamic properties and vapor-liquid equilibria for typical values of dipole moments and polarizabilities. The theory has also been extended to polarizable dipolar-quadrupolar molecules [90] and to polarizable quadrupolar molecules [91] , and has been compared to experimental binary mixture results for excess thermodynamic properties and vapor-liquid equilibria [88, 89, 90, 92, 93] and for liquid-liquid equilibria [88, 93] . In addition to these thermodynamic properties, it is possible to calculate the high-frequency dielectric constant, e ¥ , from the 2-RPT version of the theory [91] .
The derivation of RPT by Wertheim relies on knowledge of graph analysis and is rather complicated. A simpler non-graphical derivation of RPT has been presented by Joslin et al. [91] .
Associating Liquids
The perturbation treatments considered in the last two sections are appropriate for molecules that interact with dispersion, overlap and weak to moderate electrostatic and induction forces. Such molecules have pair interactions with energies up to 2 or 3 kJ/mol in the liquid phase. However, many liquids exhibit molecular association due to hydrogen-bonding, charge In physical theories association occurs as a result of intermolecular forces and can be treated by the methods of statistical mechanics. Such an approach has the advantages that the theory can be tested against molecular simulations for the same well-defined potential models, and it is not necessary to postulate any 'chemical reactions' in advance. The earliest such theories were lattice models [100] [101] [102] [103] . By postulating weak bonds between unlike molecular pairs they were able to qualitatively describe mixtures that exhibit a closed solubility loop on the T-x phase diagram, with both an upper and a lower critical point. However, such theories underestimate the entropy and cannot provide an accurate description of the thermodynamics.
Among the first off-lattice treatments of associating fluids were those of Andersen [104, 105] , who proposed a cluster expansion in terms of the number density for molecules having a highly directional attraction site embedded in a repulsive core. Andersen's work prompted later theories [106] [107] [108] [109] that made use of fugacity expansions, which lead to faster convergence. In 1980 Høye and Olaussen [107] introduced an expansion in terms of both the total density and the monomer density, a forerunner of the multi-density formalism introduced a few years later by Wertheim that proved so successful.
The most successful and useful of the off-lattice theories was developed by Michael Wertheim (Fig. 7) , working at Rutgers University, and presented in a series of papers [110, 111] The theory was subsequently extended [113, 114] to molecules having a spherical core but multiple off-center bonding sites, labeled 1, 2, …i,…n. In this case the expansion is carried out in the densities of molecules bonded at site 1, molecules bonded at site 2, etc. The resulting expression for the Helmholtz energy A is [114] :
where A0 is the Helmholtz energy of the reference system of spherical molecules and Xi is the fraction of molecules that are not bonded at site i, given by
where
In eqn. (25) g 0 (12) is the reference system pair correlation function and
-1 is the Mayer f-function for the bonding potential between sites i and j on two different molecules. Eqn. (23) has been found to be in excellent agreement with molecular simulations [112, [115] [116] [117] [118] for a variety of molecular models. These models usually take hard spheres or spherical LJ molecules as the reference fluid, and treat the bonding as arising from off-center square well or point charge sites. An example of such a test for the monomer mole fraction for a model consisting of hard spheres plus either one or two square well sites is shown in Figure 8 . The bonding between site A in molecule 1 and site B in molecule 2 is u AB (r AB ) = -e AB r AB £ r c = 0 r AB > r c (26) Similarly excellent agreement was found for the configurational energy and the pressure [117] .
The expression for the latter is readily found by applying the thermodynamic relation, 
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The Wertheim theory can be extended to molecules having a non-spherical shape, including long chain molecules, by allowing the bonds between some sites to become very strong. For example, if the bonding strength is large but finite, and the fluid consists initially of a mixture of molecules with a single site and others with two bonding sites, chain molecules will form and at equilibrium there will be a distribution of chain lengths, m (the number of mers in each chain). Two versions of the theory for chain molecules exist, the first for strong but finite bonding strengths resulting in a distribution of chain lengths [119, 120] , and the second for chain molecules whose length is fixed [114, 121] . For NJ chain molecules of fixed length, mJ, the additional contribution to the compressibility factor from chain formation is (29) where the subscripts seg, chain and assoc refer to the contributions from the interaction between chain segments, the formation of the chains and association. They called this 29 approach the statistical associating fluid theory (SAFT). Walter Chapman has informed me that the idea for the SAFT equation was initiated during a visit three of the authors made to Kyoto University in March 1987, specifically in a bar to which we had been invited by our host, Professor Hyashi, who had hired a maiko (a geisha in training) to entertain us ( Figure   9 ). In view of the language barrier, the maiko's entertainment consisted of frequent smiling, bowing and sake-pouring, which she did with great enthusiasm. I do not recollect the technical discussion in the bar, although I recall we did discuss the SAFT idea during this trip. However, I do clearly recall that Walter, at the urging of some of the regulars, gave a fine rendition of "I Lost my Heart in San Francisco", one of a small number of karaoke songs in English in the bar's collection. This was received with great enthusiasm by the bar's patrons.
The first term on the right of equation (29) is the Helmholtz energy of a fluid made up of non-bonded chain segments, and can be obtained from one of the theories described earlier for simple non-polar fluids. Frequently used models for the segment term in eqn. An important early application of SAFT was that of Huang and Radosz [132] , who used as a model for the segment term hard spheres plus an engineering equation of state to describe the dispersion interaction contribution. Their version of SAFT had three adjustable parameters to describe the overlap (σ), dispersion (ε) and chain formation (m, the number of chain segments) contributions, plus two parameters, εbond and κ to describe the association. They obtained these parameters from fits to saturated liquid vapor pressures and densities for over one hundred pure compounds and their mixtures and found successful agreement with the experimental data. Equation (23) is the first order thermodynamic perturbation theory (TPT1) version of Wertheim's theory. The first order theory is the simplest version and the one that has been widely used. However because of the neglect of higher order graphs, TPT1 has some limitations. For example, TPT1 does not predict the influence of bond angles on thermodynamic properties, nor does it allow for the formation of ring structures. Extension of the perturbation series to second order yields TPT2, which accounts for higher order graphs with two or more incident bonds, so that the dependence on bond angles is included. The second order term involves an integration over the three-body correlation function for the reference system of segments. Many other extensions of the theory have been proposed in recent years, and these have been reviewed recently [139, 140, 146] .
As an illustration of the ability of the SAFT theory to describe the thermodynamic properties of a particularly challenging liquid, we show in Figures 10 and 11 results for water [139] . The theory is at the TPT1 level using the Mie potential (with the exponent on the dispersion term fixed at 6) for segments, and the water model has 4 off-center square well sites, 2 representing the lone pair electrons ('e' sites) and 2 representing the H atoms ('H' sites). Only 'H-e' interactions between unlike sites are allowed. The calculation involves 5 parameters, the 3 parameters in the Mie potential and 2 (energy and volume) for the bonding sites, which are determined from fits to the vapor-liquid equilibrium data.
With the exception of the critical region itself, where the theory does not account for the 31 non-analytic behavior, the fit to all properties is very good, including the single-phase properties shown in Figure 11 , which were not used in the parameter fitting. 
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An application of the theory to mixtures is illustrated in Figure 12 , which shows vapor-liquid equilibria for the water-methane system. This is a Class III binary mixture in the classification of van Konynenburg and Scott [148] , among the most non-ideal mixtures in nature. In this case one mixture parameter, the energy in the Mie potential, was fitted to the data. 
Conclusions
Starting with the work of John Barker in 1951 on perturbation theory for polar fluids, there have been steady improvements in our ability to predict the thermodynamic behavior of fluids in which electrostatic forces are important. Such perturbation expansions about a reference fluid of spherical, nonpolar molecules do not converge well for strongly acentric forces, due to the large influence of the electrostatic forces on the fluid structure which is not incorporated into the reference system (see, e.g., Fig. 5 ). However, resummation methods can yield good results, as with the Padé approximant to the Barker series proposed by Stell et al. 80 The inclusion of effects of induction forces followed a somewhat analogous path. For liquids both the anisotropy of the polarizability and higher many-body contributions led to major difficulties in conventional perturbation theories. Again, resummation methods proposed by Wertheim [86] in his renormalization theory provided a satisfactory solution.
The Wertheim theory TPT1 [110, 111] was a major advance in our ability to account for the effects of association. Again, although the theory uses a spherical, nonpolar molecule reference system, a renormalization of the series was able to give excellent agreement with simulation results. In recent years there have been many successful applications to more complex systems, such as polymers, proteins, colloids, interfacial properties, etc. At the present time the successful prediction of thermodynamic properties is limited mainly by our knowledge of the force fields, rather than limitations of the statistical mechanical treatment.
